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Abstract Multigranulation rough set theory is a desirable
direction in the field of rough set, in which upper and lower
approximations are approximated by multiple granular struc-
tures. However, classic multigranulation rough set is studied
from two kinds of qualitative combination rules which were
generated by pessimistic and optimistic viewpoints, respec-
tively. The two combination rules seem to lack of practicabil-
ity since one is too restrictive and the other too relaxed. To
overcome this disadvantage, we propose a generalized mul-
tigranulation rough set model in this paper. First, we discuss
upper and lower approximation sets of a generalized multi-
granulation rough set by introducing a support characteristic
function and an information level. Then, as one of the most
important problems in granular computing, we carefully
study how to select optimal granularity in generalized mul-
tigranulation rough sets. Furthermore, algorithms of optimal
granularity selection are constructed, by which we can pro-
vide an efficient approach to compute the optimal granularity
based on generalized multigranulation rough sets. Finally, an
illustrative example is given to show the effectiveness of the
proposed approach. The main contribution of this paper is to
construct the model of the optimal particle size selection on
account of the generalized multi granularity, and overcome
the limitation of the classical multi granularity.
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1 Introduction

Rough set theory proposed by Pawlak (1982), is an exten-
sion of the classical set theory. This theory could be
regarded as a mathematical and soft computing tool to
handle vagueness, imprecision and uncertainty in data
analysis. The methodology has received great attention in
recent years, and it has been successfully applied in many
science and engineering fields, such as pattern recognition,
data mining, image processing, medical diagnosis and so
on. Rough set theory was developed by practical needs to
characterize, interpret, present, process indiscernibility of
individuals (objects). The discernibility is typically char-
acterized by an equivalence relation. A rough set is the
result of two approximating crisp sets, which are lower
and upper approximation sets, using equivalence classes.
The key idea of rough set theory is the use of some known
knowledge to approximate the inaccurate and uncertain
knowledge in information systems.

However, partition or indiscernibility relation in Paw-
lak’s original rough set theory, is still restrictive for many
applications. To overcome such unreasonableness, the
dominance-based rough set approach has been proposed by
Greco et al. (1999). On the other hand, the generalization of
rough sets is an interesting topic not only in mathematical
point of view but also in practical point of view. Along this
direction, rough sets have been generalized under similarity
relations (Inuiguchi and Tanino 2001), covers (Bonikowski
et al. 1998) and general relations (Inuiguchi and Tanino
2002; Shen and Jensen 2007; Yao 1996, 1998; Yao and Lin
1996). Those results demonstrate a diversity of generaliza-
tions. Moreover, the introduction of fuzziness into rough
set approaches (Lu et al. 2016) has attracted researchers to
obtain more realistic and useful tools.
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In 1985, Zadeh first explored the concept of granu-
lar computing (Zadeh 1997) between 1996 and 1997. He
thought that information granules refer to pieces, classes,
and groups into which complex information are divided
in accordance with the characteristics and processes of
the understanding and decision-making. Currently, granu-
lar computing has been viewed as an emerging computing
paradigm of information processing. It concerns the pro-
cessing of complex information entities called information
granules (Li et al. 2015; Pedrycz 2013; Pedrycz and Bar-
giela 2002, 2012; Xu and Li 2014). Information granules,
as encountered in natural language, are implicit in their
nature. To make them fully operational so that they become
effectively used in the analysis and design of intelligent sys-
tems (Pedrycz 2013), we need to make information gran-
ules explicit. This is possible through a prudent formaliza-
tion available within the realm of granular computing. In a
general sense, by information granule, one regards a collec-
tion of elements drawn together by their closeness (resem-
blance, proximity, functionality, etc.) articulated in terms of
some useful spatial, temporal or functional relationships.
Subsequently, Granular Computing is about representing,
constructing and processing information granules. Results
of computing completed in the setting of Granular Comput-
ing come in the form of information granules. Information
granules are building blocks reflective of domain knowl-
edge about a problem.

From the perspective of granular computing (Liu et al.
2016), an equivalence relation on the universe can be
regarded as a granularity, and the corresponding partition
can be regarded as a granular structure (Qian et al. 2009).
Hence, the classic rough set theory is based on a single
granularity (only one equivalence relation). However, the
rough set may be associated with multiple granular struc-
tures (Apolloni et al. 2016), which can be divided into two
cases as follows:

Case 1 If there exists at least one granular structure such
that elements surely belongs to a given concept, then we
say that an element surely belong to the concept.

Case 2 If there exists at least one granular structure such
that elements possibly belongs to a given concept, then we
say that an element possibly belong to the concept.

Currently, Yao and Deng (2014) proposes a framework
of quantitative rough sets based on subsethood measures.
A specific quantitative rough set model is defined by a par-
ticular class of subsethood measures satisfying a set of axi-
oms. Consequently, the framework enables us to classify
and unify existing generalized rough set models [e.g., deci-
sion-theoretic rough sets (Xu and Wang 2016), probabilis-
tic rough sets, and variable precision rough sets], to inves-
tigate limitations of existing models, and to develop new
models. Actually, an attribute subset (Guo and Zheng 2014)
induces an equivalence relation, and a partition formed by
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the equivalence relation can be regard as a granularity.
Using a finer granular structure formed through combining
two known granularities induced from two attribute subsets
to describe a target concept, this combination destroys the
original granular structure. Qian and Liang extended Paw-
lak’s single granulation rough set model to a multiple gran-
ulation rough set model (Qian and Liang 2006; Qian et al.
2010), where the set approximations were defined using
multi equivalence relations on the universe. Moreover,
many researchers have extended the multigranulation rough
sets (Dou et al. 2012). Xu et al. (2014) developed a multi-
granulation fuzzy rough set model, multigranulation rough
sets based on tolerance relations (Xu et al. 2013), a multi-
granulation rough set model in ordered information systems
(Xu et al. 2012) and a multigranulation fuzzy rough set in a
fuzzy tolerance approximation space (Xu et al. 2011). Yang
et al. proposed the hierarchical structure properties of the
multigranulation rough sets (Yang et al. 2012), multigran-
ulation rough set in incomplete information system (Yang
et al. 2012a, b), and a test cost sensitive multigranulation
rough set model (Yang and Qi 2013). Lin et al. (2012) pre-
sented a neighborhood-based multigranulation rough set.
She et al. (2012) explored the topological structures and
the properties of multigranulation rough sets. Qian et al.
(2014) introduced three kinds of multigranulation deci-
sion-theoretic rough set models. Li et al. (2014) extended
multigranulation decision-theoretic rough sets by consid-
ering dominance relations in ordered information system
(Li and Xu 2015), and investigated relationships between
multigranulation and classical T-fuzzy rough sets. Yao
et al. proposed a unified framework to classify and compare
existing studies. And an underlying principle is to explain
rough sets in a multigranulation space through rough sets
derived using individual equivalence relations (Yao and
She 2016). Feng and Mi (2015) studied variable precision
multigranulation fuzzy decision-theoretic rough sets in an
information system. A novel membership degree based on
single granulation rough sets and two operators based on
this membership degree were investigated in their study.
Zhang et al. (2015) established four kinds of constructive
methods of rough approximation operators from existing
rough sets and studied the non-dual multigranulation rough
sets and hybrid multigranulation rough sets. Tan et al.
(2016) employed the belief and plausibility functions from
evidence theory to characterize the set approximations and
attribute reductions in multigranulation rough set theory in
incomplete information systems, and an attribute reduction
algorithm for multigranulation rough sets was proposed
based on evidence theory. Lin et al. (2015) proposed a two-
grade fusion approach involved in the evidence theory and
multigranulation rough set theory based on a well-defined
distance function among granulation structures, and pre-
sented three types of covering based multigranulation
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rough sets whose set approximations were defined by dif-
ferent covering approximation operators (Lin et al. 2013).
Li et al. investigated the relationship between multigranula-
tion rough sets and concept lattices via rule acquisition (Li
et al. 2016; Yang et al. 2009). Kumar and Inbarani applied
rough set based data mining techniques for medical data to
discover locally frequent diseases (Senthil Kumar and Han-
nah Inbarani 2015). Huang et al. (2014) developed a new
multigranulation rough set model that was called intuition-
istic fuzzy multigranulation rough set IFMGRS) and three
types of IFMGRSs that are generalizations of three exist-
ing intuitionistic fuzzy rough set models built. Liu et al.
proposed four types of multi-granulation covering rough
set (MGCRS) models under covering approximation space
(Wang et al. 2017a), where a target concept was approxi-
mated by employing the maximal or minimal descriptors of
objects in a given universe of discourse (Liu et al. 2014).
Lin et al. (2014) presented a new feature selection method
that selects distinguishing features by fusing neighborhood
multi-granulation, and first used neighborhood rough sets
as an effective granular computing tool. Yang et al. (2014)
first explored the updating of the multigranulation rough
approximations. Qian et al. (2014b) develop a new multi-
granulation rough set model based on “Seeking common
ground while eliminating differences” (SCED) strategy,
called pessimistic multigranulation rough sets based deci-
sion. Liang et al. (2012) proposed an efficient rough fea-
ture selection algorithm for large-scale data sets, which was
stimulated from multi-granulation rough sets.

In multigranulation rough set theory, optimistic mul-
tigranulation (Wang et al. 2017b) and pessimistic multi-
granulation are two basic ways of research. For the lower
approximation of a multigranulation rough set, the view of
optimistic multigranulation reflects that there exists at least
one granular structure such that elements surely belong to
a given concept, and the view of pessimistic multigranula-
tion shows that elements surely belong to a given concept
in each granular structure. It is easy to notice that both opti-
mistic and pessimistic conditions are too strict to a wide-
range of conditions. So, we will introduce a parameter,
namely an information level to propose a generalized mul-
tigranulation rough set model. The lower approximation
of a concept is the set that all of the elements support the
concept based on the information level is not less than the
given parameter in the multigranulation perspective.

The motivation of this paper is as follows: three aspects.
(1) How to generalize the classical multigranularity rough
sets to the generalized multigranularity rough sets. (2) how
to select the proper granularity is an important issue. It offers
a systematic and theoretic framework for feature selection.
(3) How to discover knowledge in hierarchically organ-
ized information tables is of particular importance in real

life data mining. In this paper, to describe a novel granula-
tion perspective, we will establish a special multigranulation
rough set model, and discuss the methods of optimal granu-
larity selection in this generalized multigranulation rough set
model. This paper is organized as follows. In Sect. 2, some
preliminary concepts of optimistic and pessimistic multi-
granulation rough set theories are briefly reviewed. In Sect. 3,
we introduce a support characteristic function and propose
the generalized multigranulation rough set model. In Sect. 4,
Moreover, measures and properties of the generalized multi-
granulation rough set are carefully investigated. How to select
the optimal granularity is discussed in generalized multi-
granulation rough set. In Sect. 5, we consider algorithms of
the optimal granularity selection in the new rough set model.
In Sect. 6, an illustrative example is given to show the effec-
tiveness of the proposed approach. Finally, we conclude our
contribution with a summary and an outlook for the further
research.

2 Classic multigranulation rough sets

In an information system, the equivalence class of an object
with respect to an attribute subset of A is a granularity from
the viewpoint of granular computing. A partition of the uni-
verse is a granular structure. Rough set proposed by Pawlak is
a single granulation rough set model, and the granular struc-
ture in this model is induced by the indiscernibility relation of
the attribute set. In general, the above cases cannot always be
satisfied or required in practical problems. In the three cases
referred in reference (Qian et al. 2010), there are limitations
in single granulation rough set for addressing practical prob-
lems with multiple partitions, and multigranulation rough set
can now be used to effectively solve these problems. Under
those circumstances, we must describe a target concept
through multiple binary relations on the universe according
to a user’s requirements or targets of problem solving. In the
literature (Qian et al. 2009, 2010; Dang and Qian 2009; Yao
2000), to apply rough set theory to practical problems widely,
multigranulation rough set model has been studied based on
multiple equivalence relations.

Let I=(U,AV,f) be an information system,
XcU ad P={P,P,,...,P}, P,CA Then P,
or U/P; is referred to as a granulation. The equiva-
lence class of an object x with respect to P; is defined as
[xlp ={y € Ulfx,a) =f(y,a)} (a € P;). The lower and
upp;;ar approximation sets of X with respect to single P; are
defined as follows:

PiX) = {x € Ullxlp, € X},
Pi(X) = {x € U|lxlp, N X # B}
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Considering further studies on multigranulation rough set,
we now review the two basic forms of multigranulation
rough set model.

Definition 2.1 (Qian et al. 2010) Let I = (U, A, V,f) be
an information system, X C U and P = {P,P,,...,P;},
P,CA@{=1,2,...,01). The optimistic multigranulation
lower and upper approximation sets of X with respect to
single P are defined as follows:

PX)om = {x € Ul V(Ixlp €X), i <1};
P(X)om = (x € U A(Ixlp, X #0), i <1},

where “V” means the logical operator “or”, which repre-
sents that the alternative conditions are satisfied, and “A”
means the logical operator “and”, which represents that all
of the conditions are satisfied.

The set X is definable if and only if P(X)gy = I_’(X)OM.
Otherwise, X is rough. P(X)gy and I_’(X)OM are referred
to as optimistic lower and upper approximation sets,
respectively.

From the above definition, the operators “v” and “A”
can be exchanged between the optimistic lower approxima-
tion set and the optimistic upper approximation set. Cor-
responding to optimistic multigranulation rough set, pessi-
mistic multigranulation rough set model can be defined in
the following.

Definition 2.2 (Qian et al. 2010) Let I = (U,A,V,f) be
an information system, X C U and P = {P,P,, ..., P},
P,CA({=1,2,...,)). The pessimistic multigranulation
lower and upper approximation sets of X with respect to
single P are defined as follows:

P(X)py = {x € Ul A (2], € X), i <1},
P(X)py = {x € U|V (Ixlp, N X # 9), i < 1},

The set X is definable if and only if P(X)py = f’(X)PM.
Otherwise, X is rough. P(X)py and ﬁ(X)PM are referred
to as pessimistic lower and upper approximation sets,
respectively.

The uncertainty of a concept in a multigranulation rough
set model is also due to the existence of a boundary region.
The greater the boundary of a concept is, the lower its
accuracy is, and the coarser the concept is. Similar to the
measures in the Pawlak rough set model, the accuracy and
roughness measures in optimistic multigranulation rough
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set and pessimistic multigranulation rough set were defined
in the same way (Qian et al. 2010). As generalizations of
the Pawlak rough set model, we only show the relations
among optimistic multigranulation rough set, pessimistic
multigranulation rough set and single granulation rough set
in the following.

Proposition 2.1
an information system, X CU and P = {P,P,,..
P, CAG=1,2,...,]). The following properties hold:

(Qian et al. 2010) Let I = (U,A, V,f) be
. ’Pl}’

l
(1) POy = U P00

— l —
() P(X)OM = n]Pi(X);
7

3 Oy = [1 PiX;

— l —_—
4 P(X)PM = ‘—Ulpi(X);

(5) P(X¥)pyy € PX)oys:
6) P(X)op € P(X)pys

In addition, there are many related properties as well
as proof please refer to (Qian and Liang 2006; Qian et al.
2010).

3 Generalized multigranulation rough sets

To present and illustrate the generalized multigranulation
rough set model, we first define the support characteristic
function.

Let I =(U,A,V,f) be an information system, X C U
and P={P,P,,....P)}, P,CA(i=1,2,...,)). A char-
acteristic function Si"(x) describes the inclusion relation
between the class [x] Py which is defined in the following:

P; _ 1, [x]pi c
Sy () = { 0, else.

We then call Si" (x) the support characteristic function of x.
It shows whether x supports the concept X or not precisely
with respect to P,.

From the support characteristic function for any
P,CA@{=1,2,...,]) and X C U, the number of equiva-
lence classes [x] P, that satisfies [x] p C X can be computed
by

l
Y Sy ).
i=1

X<
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At the same time, for any x € U, the number of equiva-
lence classes [x] P, that satisfies [x] p.N X # @ can be repre-
sented by

[

D1 =S ().

i=1

By the support characteristic function, the lower and upper
approximation sets in optimistic multigranulation rough set
and pessimistic multigranulation rough set can be repre-
sented, respectively, with the following formulas:

Loshi
P(X)oy = {xe U‘M > 0};

_ Ea=s" o).
P(X)OMz{er‘Zﬂ<—l~M=1},

Losh
PX)py = {xe U‘M = 1};

_ L =5"% ).
P(X)py = {xe U‘zﬁ(—l“‘m) >0}.

From the view of granular computing, one can note that
classical multigranulation rough set might not always be
effective in practice. Optimistic multigranulation rough
set might be so loose that the approximation sets cannot
describe the concepts as precisely as possible. Additionally,
pessimistic multigranulation rough set might be too strict to
depict concepts on the universe.

In optimistic multigranulation rough set, we consider
the case that an object x supports the concept X precisely
if there exists at least one P; C P such that [x], € X. This
model could bring in a large amount of useless information
for the concept described. The descriptions and information
in optimistic multigranulation rough set could be redundant
and cannot show the nature of the concept. Furthermore,
some useful information will be lost because this model
demands that any object x can possibly describe a concept
X in terms of multigranulation satisfying [x] p.N X # @ for
all P;. In practical applications, the object can possibly
describe a concept by most of the granulations.

Conversely, an object x supporting the concept X pre-
cisely means that [x], € X must hold for all P; with respect
to multigranulation in pessimistic multigranulation rough
set. This approach also causes disadvantages in practice.
If x supports the concept, then all granulations must be
considered. This approach is so strict that some informa-
tion and descriptions which are not very effective can be

ignored. Thus, we can introduce the parameter g, i.e., the
information level, to realize that the objects support a con-
cept with respect to the majority granulations. The higher
the information level g is, the stricter our requirements
are. Our requirements can be employed to depict the con-
cept better. Next, we will propose a novel multigranulation
rough set model with a parameter g € (0.5, 1].

Definition 3.1 Let 7= (U,A,V,f) be an infor-
mation system, XCU and P={P, P, ....P,}
P,CA(i=1,2,...,1). A characteristic function Si"(x)
describes the inclusion relation between the class [x] p,- For
any g € (0.5, 1], generalized lower and upper approxima-
tion sets of X with respect to P are defined as follows:

LSk
P(X), = {xe U'M Zﬂ};

— (1= ST ().
P(X)ﬂ={xe U'—Z’=l( 1 1) >1—ﬂ}.

The set X is definable if and only if E(X)ﬂ = F(X)ﬂ. Oth-
erwise, X is rough. We call § the information level with
respect to P.

For classic rough set model, the roughness or uncer-
tainty in an information system is also due to the existence
of a boundary region of concepts in generalized multigran-
ulation rough set. The boundary region of a concept with
respect to P in generalized multigranulation rough set is
defined by

Bn(X)gy = P(X)y — P(X),.

Objects in approximation sets and boundary regions are
changed corresponding to the information level f. Addi-
tionally, we can have the following interpretations to
approximation sets and boundary regions in generalized
multigranulation rough set.

e The lower approximation set of a concept X is the set of
all of the elements that can surely support the concept
X on the basis of an information level not less than £ in
terms of the multigranulation.

e The upper approximation set of a concept X is the set of
all of the elements that can possibly support the concept
X on the basis of an information level not less than 1 — f
in terms of the multigranulation.

e The boundary region of a concept X with respect to P is
the set of all of the elements that cannot surely support
either X or ~ X on the basis of an information level g.

@ Springer
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That is, Bn(X)gy is the set of all of the elements that
cause the uncertainty of X in an information system
with respect to P on the basis of the information level g.

From the above, we can easily compare the approximation
sets in optimistic multigranulation rough set, pessimistic
multigranulation rough set and generalized multigranula-
tion rough set. Next, we will study the relations between
generalized multigranulation rough set, optimistic mul-
tigranulation rough set and pessimistic multigranulation
rough set, and discuss some important properties of the
approximation operators in generalized multigranulation
rough set.

Figure 1 shows the relationships of the lower and upper
approximations in generalized multigranulation rough set,
optimistic multigranulation rough set and pessimistic mul-
tigranulation rough set, respectively.

Proposition 3.1 Letr I=(U,AV,f) be an infor
mation  system, XCU and P ={P,P,,....P},
P,CA(Gi=12,...,0). For any p € (0.5,1], the lower and
upper approximation operators in generalized multigranu-
lation rough set have the following relations with those in
optimistic multigranulation rough set and pessimistic mul-
tigranulation rough set (Fig. 1):

(1) P(X)py € P(X)y € P
) PX)gy € POy € PX)pyy

Proof

(1) For any x and B, one can prove P(X)py C P(X),

through x € P(X)py < 2= JSX 9> 1 As fe (05,11,
SO . ISX ) >1>p, that is to say
X € £(X)ﬁ. Similarly, for any f € (0.5,1],
ya
gElmSNEN
A
SEamEz==ret
{ AT T
LT._.. s sulies i UJ,,,,,
— BXpy; — : BX); MX)q ; — :RXp: : BX)p ; -- : KXy,

Fig. 1 Relationships of upper and lower approximations
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er(X)ﬂ(@M

P(X) 5 € P(X)op- This item is proved.
(2) This item can be obtained similarly.

>f>0=>x€e€ PX)oy Then

g

Lemma 3.1 For any ay,a,,b,b, € [0, 1], the following
inequalities hold:

(1) ayAb;+ay, Aby < (a; +ay) A(by + by);
(2) ayvb,+a, Vb, > (a, +ay) V(b +b,),

where “A” and “V” represent the operators “minimum”
and “maximum”, respectively.

Proof

(1) Because a; Aby <ay, ayAb  <b; and a, Ab, < a,,
a, ANby, £b,, we have that a Ab +a,Ab, <
(a; +ay). ayAb; +a, Ab)< b, + b, Then we have
ayANby+a, ANby < (a; +ay) A (b + by).

(2) This item can be obtained similarly.

Proposition 3.2 Ler = (U,A,V, f) be an infor-
mation  system, X CU and ={P,P,,...,P}},
P,CAG=1,2,...,]). For any p € (0 5,1). The followmg

properties are true.

(la) P(~ X); =~ P(X)g;

(1b) P(~ X)5 =~ P(X);.

(2a) P(X); C X;

(2b) X C P(X),.

(3a) P(®),; = P((ZJ),, =@

(3b) P(U); = P(U); = U.

(4a) PXNY); C PX)s N P(Y)g;
(4b) P(X U Y); 2 P(X); U P(Y),.

(52) PXUY); 2 P(X); U P(Y)g;
(5b) PXNY); € P(X)5 N P(Y),.

(6a) X C Y = P(X); C P(Y)y;

(6b) X C Y = P(X); C P(Y),.

(Ta) XNY =0 = PX),NP(Y), =@;
(D) XnY =0 = PX);nPY); =0

Proof

(1a) For any x € U,

S =5T ).

€ PX),
X ()ﬂ /

>1-p,
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we have that

_ =5 o).
X E~ P(X)ﬂc»—z’:‘( ; ) <1-§
L st ().
QMZﬂQE(NX)ﬂ_

Then this item is proved. Item (1b) can be proved
similarly.
(2a) For any x € P(X);, we have

Zth _,B>O-

There exists i < [ such that [x] p C X. Thus, we can get
xeX.
(2b) By the duality and item (2a), we have

~P(X); = P(~X); C~ X

Thus, X C P(X)ﬂ
(3a) (3b)From item (2) in Proposition 3.1, S x) =
y (x) =1 (VX € U), then we can have

DYRDACIED Y. 02/3}:9),

l l
‘zillS’;‘(x) _ Il =12ﬁ}

0 and

P@), = {x € U'

U.

P(U), = {x ev 1

From the duality, we can easily have
P(#); = P(~ U)y =~ P(U); =~ U = §.
P(U)y = P(~ ), =~ P@); =~ B = U.

(4a) For any x € P(X NY),, we can get

Tim Si® _ T SYWAS@
! B l -

By Lemma 3.1, we have

Z11 X(x)AZl IS () 211 X(X)AS (x)
l [

Then, we have the following

Zz 1 x(x)/\zl 1S (x)
l

Lok Losh
@(Z,lex(x) Z/3>A<Z,zlly(x) Zﬁ)

SxE E(X),; AXx € E(Y)ﬂ.

Therefore x € P(X); N P(Y),.

(4b) From the duality, this item can be proved by item (4a)
in this proposition.

(5a) From Proposition 3.1, for any xe U,
X €E P(X)ﬂ U P(Y)ﬂ, it means that x € E(X)ﬂ VE(Y)ﬂ,

I P
(Zz 1 X(x) ﬂ) v (Zi:lfY(x) Zﬂ)

Zl 1 X(X)Vzl lS (x)
[

By Lemma 3.1, one can have

le X(x)vS (%) le X(x)vzl 1S (x)
l )

Then,

le XuY Z,l X(X)VS (X)
l 1 =

It means that x € P(X U Y),.
(5b) From duality, we can get it easily.

l f '
(6a) For any x € P(X), we have E:‘fs”;() >p AsXCY,
we have S;i ) < Si" (x). Then we can get

P S’Q‘(x) P x<x>
[ [

Thus, x € P(Y), is obtained. Then this item is proved.

&qb)(l o Similarly, X € P(X)ﬂ, we have

“— >1—-p. As XCVY, we have
X(x) > s” (). Then

T (=87 ) N T (=87 @) g
l [
Additionally, x € F(Y )p is obtained.

(7a) From X N'Y = @, we can directly obtain that X C~ Y.
We then have }_’(X)ﬂ CP(~Y )ﬂ. Moreover, from the
duality and items (2a) (2b) in this proposition, we have
P(~Y); =~ I_J(Y )p € P(Y)g. Thus, we can develop that
P(X); C~ P(Y); That is to say P(X); NP(Y), =@
This item is proved.

(7b)It is easy to get this item.

O
Remark I The properties P(P(X) ), = P(X); = P(P(X) 5)p

and P(P(X)ﬂ) s = P(X)5 = P(P(X)); do not hold in gener-
alized multigranulation rough set.
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For different information levels a and g, the following
properties can be obtained.

Proposition 3.3 Ler 1= (U,AV,f) be an infor-
mation  system, X CU and P ={P,P,,....P}
P,CA(i=1,2,...,]). Foranya < fand a, f € (0.5,1], the
following properties are true.

(1) P(X); € P(X),
2) PX), C P(X),

Proof

(1) From Deﬁmtlon 313 1, on can have that for any
x € P(X); > >ﬂ>a$xeP(X)

(2) From the duality i 1n Proposition 3.2 and item (1), this
item can be proved easily.

O

Proposition 3.4 LetI = (U, A, V,f) be an information sys-
tem, X CUand P = {P,P,,...,P;},P; CAG=1,2,....,]).
Additionally, Q ={0Q;|Q; C P;,i=1,2,...,1} is a set for
which some attributes have been removed from the corre-
sponding granulations. For any f € (0.5, 1], the following
properties hold:

(1) 9X)s € PX)y;
(2) PX); € O(X),.

Proof As Q={Q,;|0;CP;,i=1,2,...,1}, so Q; may be
the empty set. If Q; =, then we denote [x]; = U. This
finding is logical and reasonable because all of the objects
are indistinguishable with no attributes being considered.

(1) From the above assumptions, one can obtain
that [x]P C [x]Q holds for any X € U and i<
is obvious. Furthermore S <SS (x) Thus,
S =1= S ‘=1 Moreover for any x e U, we
can obtain that

Log9
er(X)ﬂc»Mzﬁ
zll X('x) le X('x)

I I

= x € P(X);.

(2) This item can be proved using the duality. For any
p € (05,1}, P(X); =~ P(X); S~ Q(X); = O(X).

g

@ Springer

Next, we will discuss some measures in generalized multi-
granulation rough sets to further study the new model.

Definition 3.2 Let I = (U,A,V,f) be an information sys-
tem,X CUand P = {P,P,,...,P;},P, CAG=1,2,...,D).
The accuracy and roughness of X are defined as

PX
a(X)] = ﬂ
P(X),
P(X
(0 =1- 0
P(X),

The relationships of accuracies and roughness among gen-
eralized, optimistic and pessimistic multigranulation rough
sets are described as follows:

(D) aX)py < aX)E < aX)on
(2) PX)py 2 p(X); 2 p(X)om-

LXom PXpm

Where a(X)ou = 502 @y = 7. pX)ow =
P(X)om P(X)py

1—-= , p(X =1-= .
PX)ow P P(X)py

Proposition 3.5 Let = (U,AV,f) be an infor
mation  system, XCU and P={P,P,,....P}
P,CA(i=1,2,...,0). For any X,Y C U and p € (0.5,1],
the following properties hold:

(1) X is more accurate than Y with respect to P under p, if
and only ifa(X)P > a(Y)?;

(2) X is more rough than Y with respect to P under p, if
and only if p(X)P > p(Y);.

For different information levels «, f € (0.5,1]. If a < 8,
a(X)g > a(X)’; and p(X)g > p(X)g hold.

In Pawlak rough sets model, a parameter called the
dependent degree is used to illustrate the importance of
a condition attribute subset with respect to the decision
attributes in a target information system. This parameter
can be defined similarly in generalized multigranulation
rough set, as follows:

Let I=(U,A,V,f) be an information system,
XCU and P={P,P,....P}, P,CAG=1,2,..,D,
U/d ={D,,D,,...,D,}. The dependent degree of P with
respect to d under the information level f is defined by

Ui P00,| T [P0y

P,d), =
vP.d)y = |U| U]
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From Definition 3.3, the dependent degrees in pessimistic
multigranulation rough set, generalized multigranulation
rough set and optimistic multigranulation rough set have
the following relations.

7(P, d)pM <y(P, d)/; <y, d)OM’

where

Yo | PDYpul
|U|

et 1PDYoml

y(P, d)pM = U]

,7(P, d)oM =

4 Optimal granulation selection in generalized
multigranulation rough sets

It is important to select the optimal granulation in detail
corresponding a suitable information system. In this sec-
tion, we investigate optimal granulation selection with
different requirements for the generalized multigranula-
tion rough sets.

LetI = (U,A U {d}, V,f) be a target information system,
P={P,,P,,....P)}, P,CA(i=1,2,...,]1). We say that /
is granular consistent if for any P; € P, [x]p, C [x]; holds.
Otherwise, I is a granular inconsistent information system.

For a granular consistent information system
I=WU,Au{d},V,f) and QCP, if the depend-
ent degree of Q with respect to d under the level p:
r(Q,d); = y(P,d)s, we call Q is a granularity selection.
VR € Q, if the dependent degree of R with respect to d
under the level g: y(Q — {R},d); # y(P,d)y, then Q is an
optimal granulation selection of /.

Let I=(U,Au{d},V,f) be a granular inconsist-
ent information system, and P ={P,,P,,...,P},
P,CA(i=1,2,...,]). The lower and upper approximation
granular distribution functions of / are denoted as follows:

f(l_))p = (E(Dl)ﬂvl_)(Dz)ﬂv 9£(Dr)ﬂ)7
f(P)y = (P(D));, P(Dy)y, ... . P(D,)y).

The lower approximation granular distribution function fig-
ures all of the certain knowledge representations, and the
upper approximation granular distribution function shows
all of the possible knowledge representations in the sense
of multigranulation. Moreover, optimal granularity selec-
tion can be acquired by considering these representations in
terms of multigranulation.

Definition 4.1 Let /= (U,AuU{d},V,f) be a granular
inconsistent information system, and P = {P,P,, ..., P;}.
P,CA(=12,..,0,0={Pli<l},and R = {P;|i < I}.

() If f(P), = f(g)ﬂ, we say that Q is a lower distribution
granulation selection of I. Moreover, if Q is a lower
distribution granulation selection and no proper R of O
is a lower distribution granulation selection, then Q is
called a lower distribution optimal granulation selec-
tion of 1.

2) Iff P) s =1 (a)ﬂ, we say that Q is a upper distribution
granulation selection of I. Moreover, if Q is a upper
distribution granulation selection and no proper R of

Q is a upper distribution granulation selection, then
Q is called a upper distribution optimal granulation
selection of /.

Let 1=(U,Au{d},V,f) be a granular inconsist-
ent information system, and P ={P,P,,...,P},
P, CA(i=1,2,...,1). The lower and upper approximation
granular quality functions of I are denoted as follows:

b _ Ziet [PD|

% o
P _ Lzt POy
p U]

The lower approximation granular quality function lays out
the number of objects in all of the certain knowledge rep-
resentations, and the upper approximation granular quality
function delivers the number of objects in all of the possible
knowledge representations in the sense of multigranulation.

Definition 4.2 Let [ = (U,AuU{d},V,f) be a granular
inconsistent information system, and P = {P|,P,, ..., P;}.
P,CA(=12,...,),0={P]i<l},and R = {P;|i < I}.

(H 1f 65 = 61?, then we say that Q is a lower quality granu-

lation selection of I. Moreover, if Q is a lower quality
granular and no proper R of Q is a lower quality granu-
lation selection, then Q is referred to as a lower quality
optimal granulation selection of I.

2) If Ag = ig, we say that Q is an upper quality granula-

tion selection of /. Moreover, if Q is an upper quality
granulation selection and no proper R of Q is an upper
quality granulation selection, then Q is referred to as

an upper quality optimal granulation selection of 1.
The optimal granulation selections defined in Defini-
tions 4.1 and 4.2 are entirely the same when the consid-
ered target information system is granular consistent.
Additionally, the method of computing the significance
of every granulation and every condition attribute in sig-
nificant granulations is the same as considering 65 = o2

5
Thus, this method can also be used in granular
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inconsistent information system, and the results obtained
are lower approximation quality granulation selection.

Proposition 4.1 Letl = (U,AU {d},V,f) be a granular
inconsistent information system, and P = {P|,P,,...,P,},
P, CAG=1,2,...,D.

(1) The lower approximation distribution optimal granula-
tion selection is equivalent to the lower quality optimal
granulation selection in generalized multigranulation
rough set.

(2) The upper approximation distribution optimal granu-
lation selection is equivalent to the upper quality opti-
mal granulation selection in generalized multigranu-
lation rough set.

Proof Assume that Q C P.

(1)=£(Q); = f(P); = 65 = &% is obvious.

< For any D; € U/d, we can have that Q(D, g € P(D))y.

ThenwecangetaﬂQ<cf IfO' —0 foranyD eu/d,

we can have Q(D ) = P(D,)s. Otherwise, if there exists
D, € U/d such that O, )y & PD; ), thena <P

Therefore 0' = 0' = f(Q)p =f(P)y-

(2)=£(Q); = f(P); = A9 = A7 is obvious.
«Forany D, € U/d, we can have that P(D )ﬂ C Q(D )ﬂ
Then we can get AQ < /IP If there exists D; € U /d such

that P(D, ), G P(D; ). ,1; < A9
Therefore, /1[? == Q) =f(P),. O

B

When f = 1, generalized multigranulation rough set can
be degenerated into pessimistic multigranulation rough
set. That is to say, pessimistic multigranulation rough set
is a special case of generalized multigranulation rough set
while f = 1. Thus, the above proposition holds for pessi-
mistic multigranulation rough set. From the proof of the
proposition, we can easily obtain that this proposition also
holds for optimistic multigranulation rough set. However, it
would not hold for other rough set models such as variable
precision being considered in the sense of multigranulation.
The lower and upper quality consistent reductions provide
an easy and quick way to check reductions in computing by
programs on computers.

From the above, we can know that the higher the infor-
mation level f is, the stricter our requirements are. The rea-
son is that when f = 1, generalized multigranulation rough
set degenerated into pessimistic multigranulation rough set.
Optimistic multigranulation rough set needs only at least
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one granule that supports the concept, while pessimistic
multigranulation rough set needs all granule to support the
concept.

Information level f must be subordinated to the major-
ity principle, so f need to satisfy g € [0.5, 1]. The bigger
the g the finer the information granular, the results will
be more accurate. The smaller the f§ the thicker the infor-
mation granular, the results will be more macroscopic.
Therefore, f can be artificially adjusted according to our
needs. For a granular consistent information system, from
the perspective of dependence, optimal granularity selec-
tion level: to find the smallest subset Q of P and Q meets
r(Q,d); = y(P,d)s. Thus, Q is the optimal granularity of
the information system. The dependent degree of P with
regard to d can be observed in an overall and systematic
way. Furthermore, it also improves the computational
efficiency. For a granular inconsistent information sys-
tem, from the perspective of the lower distribution func-
tions, the criterion for optimal granularity selection is to
find the smallest subset Q of P and make Q satisfy
f(P)g =f(Q)s. So Q becomes the optimal granularity of
the information system. Each decision class lower
approximate distribution can be observed under the
attribute set P and information level f. The upper approx-
imation distribution is similarly analyzed. From the per-
spective of lower approximation granular quality func-
tions, the level of optimal granularity selection is to find

the smallest subset Q of P and such that 611; = al?. Subse-

quently, Q is the optimal granularity of the information
system. The proportion of lower approximation of deci-
sion classes in the total objects can be considered from
the macroscopic point of view. This approach can effec-
tively promote the performance of computing works. For
the upper approximation granular quality function, the
situation is analogous to the lower approximation.

5 Algorithm

According to the above theory, one can select the optimal
granulation in generalized multigranulation rough sets. In
this section, we present the algorithm of optimal granula-
tion selection. And a real-life case study is given to show
effectiveness of the proposed approach.

We outline the optimal granulation selection process
of the lower and upper distribution in Algorithm 1. And
the optimal granulation selection process of lower and
upper quality are shown in Algorithm 2.
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Algorithm 1: Lower and upper distribution optimal
granularity selection in generalized multigranulation rough
sets

Algorithm 2: Lower and upper quality optimal granularity
selection in generalized multigranulation rough sets

Input : I = (U AU{d},V, f), the information level 3, the number
of objects IV;

Output : (1) Lower distribution optimal granularity selection; (2)
Upper distribution optimal granularity selection.

begin

for 7 =1: N do

for cach x;, U/d = (D1, D2,- -, D;) do

fori=1:1do

for each P;, U/P; = {[zj]PL\zj €U} do

if [z;]p C [z;], then

| End

else

for k=1:7rdo

if [CEJ']P' C Dy, then

P; _
| Shi(z) =1
else
P
‘ SDk (T]) =0
end
if [;c]-]Pi C~ Dy, then
P; _
‘ S~Dk (zj) =1
else
P; _
‘ S p, (i) =0
end

end

end

end
end

end
end

l
compute: S&C (@) (1=1,2,-- N;k=1,2,---,7),
i=1
l
3 (1= 80, (2) (= 1.2 Nik = 1,2,-7).
i=
for j =1: N do
for k=1:rdo
L P
X, SD (5
P(Dy)g =A{z; € U\% Z
_ 3 =80, @)
B} and P(Dk)ﬁ ={z; e U|*= ;
1- 3}
end
end
compute: f(g)g = (E(Dl)ﬂvg(DQ)ﬂv' : '1§(D7‘)/3)’
f(P),a‘ = (P(Dl)gvp(DQ)gv‘ : '1P(D7‘)ﬁ)‘
for granular set Q1 C P do
if /(Q1), # /(P), then
| P is lower distribution optimal granularity selection;
else
YR1 C Q1 if f(R1), # f(Q1),, then
‘ Q@1 is lower distribution optimal granularity
selection;
else
‘ Q1 is not lower distribution optimal granularity

selection;
end

end
end
for granular set Q2 C P do
if £(Q2), # f(P) then
| P is upper distribution optimal granularity selection;
else
VR C Q2
if f(R), # [(Q@2),5 then
‘ Q2 1s upper distribution optimal granularity
selection;
else
‘ Q2 is not upper distribution optimal granularity
selection.

end

end
end

Input

: I = (U, AUJ{d},V, f), the information level 3, the number
of objects N;

Output : (1) Lower quality optimal granularity selection; (2) Upper

begin
for j =1: N do

end

quality optimal granularity selection.

for each zj, U/d = (D1, D2, - - -, D;). do
fori=1:1do
for each P;, U/P; = {[z;]p |x; € U} do
for k=1:7do
if [Zj]Pv C Dy then
P;
‘ Sp,. (zj) =1
else
P; —
| Spi(x;)=0.
end
if [I]']Pv C~ Dy, then
P;
‘ S.p,(xj) =1
else
P; _
‘ S.p, (x;) =0.
end

end
end

end
end

end

1
compute: 5 sgffk () G=1,2,--N;k=1,2,---,7),
=1

l
S (=80 () =12 Nik=1,2,7).

i=1
for j=1: N do

for k=1:7 do

1
XS ()
P(Dy)g ={z; e U|=—F—2
L
_ > (1-80p, (23)
B} and P(Dy) g = {z; € U= >
1-6).
end

end

compute: o} =

0~

|P(Dg) gl [P(Dy)gl
i AP E
[U] > 7B U]

-

for granular set Q1 C P do

end

if /(Q1), # f(P)g then
| P is (lower quality) optimal granularity selection;
else
VRy CQuif f(R1)z # f(@)ﬁ then
| @1 is (lower quality) optimal granularity selection;
else
Q1 is not (lower quality) optimal granularity

selection;
end

end

fori=1:1do

end

if [x,]P g [I]‘]d then
| end
else
for granular set Q2 C P do
if f(QZ)g # f(P);s then
| P is upper quality optimal granularity selection;
else
VR2 C Q2 o
it f(Rz)g # f(Q2)g then
Q2 is upper quality optimal granularity

selection;
else
Q2 is not upper quality optimal
‘ granularity selection.
end
end

end
end
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In Algorithm 1, it should be noted that Q, and Q, take
all of the subsets of P.

Time complexity analysis of Algorithm 1 Let
I =(U,Au {d},V,f)) be a target information system. The
number of objects and attributes are denoted by N and
IAl. The number of objects and attributes in the i-th gran-
ule P; are denoted by N; and K; (i € {1,2,...,l}, ZN; =N
and XK, = |A]), respectively. U/d = {D,,D,, ..., D, } is the
decision classes. We take a variable ¢, to stand for the time
complexity in an implementation. In the next, we can ana-
lyze the time complexity of Algorithm 1 step by step.

The time complexity to do initialized setting and input
the information table, the information level, and the gran-
ule set is O, then the analysis to do the initial settings is
finished. The time complexity to calculate U/d is denoted

by H=WN-1D+N-2)+-+1=NxNN-1)/2,
the time complexity to calculate U/P,(i=1,2,...,0])
is t, =N X |A]/2. So the time is

=1+t =NX{N —-1)/2+Nx|A|/2. The next to
judge whether the information system is granular con-
sistent is t, = N X [. The time to obtain lower and upper
approximations in generalized multigranulation rough sets
1St =2XNXIXr+2XN.

The first four steps calculate the lower and upper
approximation granular distribution functions of I,
lower and upper distribution optimal granulation selec-
tion. The time complexity of methods are denoted by
te =2 X (N/2+NX|A|/2+2XNXIXTr+2XN)x2
=2 X (NX |A| +4 XN XIXr+5N/2).

From the above analysis, we can know that the maxi-
mum time complexity of the main part in the Algorithm 1
is
7
mam

=t +t,+1t5+1

=N*/2+ Q" +2) X NxIxr
+(2'x5/4+3/2)xN+ 2" +1/2) x N x |A]|
+NxI

As r (1 <r <N) is the number of decision classes, and
I (1 £1<|A|)is the number of granular structure, the max-
imum complexity of the main algorithm is approximately
O((2MH1 +2) x N? x |A|).

The explanation of the Fig. 2: In Algorithm 1, the lower
distribution optimal granularity selection and upper dis-
tribution optimal granularity selection are accordance
with this flow graph. Input a target information system
(an information table I = (U,AU {d},V,f)), an infor-
mation level f, and the granule set P = {P,P,,..., P},
P, CA@{=1,2,...,1). We first calculate U / d and U/P; to
make the judgement of whether this information system
is granular consistent or not. If it is granular inconsistent,
we cannot do the lower and upper distribution optimal
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Load data, do intial setttings Granular
set P={R,P,--B}.and B

[
UJd=(D,,D,,D,) U/P(t 1,2,+0)

, Characteristic function of D,
DS ()G =12, Nk =1,2,.0,7)
i

l

, Characteristic function of ~D,
Y-85, )G =12 Nik =1,2,...07)
=]

Lower approximation gramular distribution Upper approximation gramular disctribution
X function __ function _
S(B)=(B(D,), B(D,), - P(D,)) f(P)=(P(D,),P(D,),++, P(D,))

¥

Lower and Upper distribution optimal
gramular selection Q

Fig. 2 The program flow graph of lower and upper distribution opti-
mal granulation selection

granularity selection. If it is granular inconsistent, we then
compute the lower and upper approximations of each deci-
sion class and its complement in generalized multigranu-
lation rough set. After that, we get the lower and upper
approximation granular distribution functions of / which
are f(P); and fi P) p» respectively. According to the optimal
granularity selection of lower distribution and upper distri-
bution in Definition 4.1, we can obtain the lower and upper
distribution granularity selections, respectively. Among the
obtained lower and upper distribution granularity selec-
tions, we can further get the lower distribution optimal
granularity selection and upper distribution optimal granu-
larity selection.

In Algorithm 2, it should be noted that Q, and Q, take all
of the subsets of P.

Time complexity analysis of Algorithm 2 Let
I =(U,Au{d},V,f)) be a target information system. The
number of objects and attributes are denoted by N and
IAl. The number of objects and attributes in the i-th gran-
ule P; are denoted by N; and K; (i € {1,2,...,I}, ZN; =N
and XK; = |A]), respectively. U/d = {D,,D,,...,D,} is
the decision classes. We take a variable ¢; to stand for
the time complexity in an implementation. Next, we
can analyze the time complexity of Algorithm 2. The
time complexity to do initialized setting and input the
information table, the information level, and the gran-
ule set is O, then the analysis to do initial settings is fin-
ished. The time complexity to calculate U / d is denoted
by H=WN-D+N-2)+--+1=Nx{HN-1)/2,
the time complexity to calculate U/P,(i=1,2,...,1])
is t, =NXx|A|/2. So the time to finish them is
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=1+, =NXN-1)/2+Nx|A|/2. The time to
obtain lower and upper approximations in generalized mul-
tigranulation rough setsis t4, =2 XN X IXr+2 X N.

The first three steps calculate the lower and upper
approximation granular distribution functions of I, lower
and upper distribution optimal granularity selection. To
judge whether the information system is granular consistent
is ts = N X [. The time complexity of methods are denoted
byt =2 X (NX|A|/2+2X N XIXr+5N/2)x3/2.

From the above analysis, we can know that the maxi-
mum time complexity of the main part in Algorithm 2 is
2o =htt s+
=@Bx2T + )X NxIxr+(15/4x27 +2)

XN+ (3/8 %251 +1/2) X N x |A]

+1/2XNX(N—-1)+NxI

The maximum complexity of the main algorithm is approx-
imately O((3 x 21171 +2) x N2 x |A|).

The explanation of Fig. 3: In Algorithm 2, the lower
quality optimal granularity selection and upper quality
optimal granularity selection are in accordance with this
flow graph. Unlike Algorithm 1, we can get the optimal
granularity selection when it is granular consistent, so is it
inconsistent, we can get the lower quality optimal granular-
ity selection. After calculating U / d and
U/P;(i=1,2,...,1), we obtain the characteristic functions
of D, and ~ D,. Then we further get the lower and upper

Load data, do intial setttings
Granular set P ={B,P,,-P}and B

|
\U/d:(D,s‘Dz,---D,) U/BG=12:-1) |
l i i
, Characteristic function of ~D,
Z(I—anl NG =12, Nk =1,2,...,7)
=]

. Characteristic function of D,
3 S =L 2 Nik =1,2,00,1)
i=1

Lower approximation gramular quality Upper approximation gramular quality
flunction function
!
[2(D,), | P(D,
Ju; s L XIPD,|
= — Ay =t
U] |U|
Granunar consistent?
Yes Lower and Upper quality optimal

gramular selection Q

optimal gramular selection Q

Fig. 3 The program flow graph of lower and upper quality optimal
granularity selection

approximation granular quality functions, respectively.
After getting the lower approximation granular quality
function, we need to make the judgement of whether this
information system is granular consistent. If it is granular
consistent, we can do the optimal granularity selection. If it
is granular inconsistent, we then compute the lower and
upper approximations of each decision class and its com-
plement in generalized multigranulation rough set. After

that, we get the lower and upper approximation granular
_ Zit [PDY

distribution functions of I which are a/’; === and
" P, . . ..
/1’; = W, respectively. According to Definition 4.2,

we can obtain the lower and upper quality granularity
selections, respectively. Among the obtained lower and
upper quality granularity selections, we can further get the
lower quality optimal granularity selection and upper qual-
ity optimal granularity selection. Multigranulation rough
set can be very useful in many case, especially in handing
problem in information system.

6 Case study

Suppose that Table 1 1is an information
I=U,Cu{d},V,f) which concerns the
ments of some students and U = {x,x,,...,Xy} is a uni-
verse including twenty students in a school, a,(Chinese),
a,(Mathematics), a(English), a,(History), as(Geography),
ag(Politics), a,(Physics), ag(Chemistry), aq(Biology) are
the conditional attributes of the system, and d(Decision) is
the decision attribute given by the experts according to the
achievements of these students. We use “1” to express that
the student is excellent and “0” to express that the student
is not excellent.

However, in the college entrance examination, junior
colleges only select excellent students from the view of
three major subjects (Chinese, Mathematics, English). Uni-
versities of undergraduate level select excellent students
from the view of arts (History, Geography, Politics) and
from the view of science (Physics, Chemistry, Biology).

From the point of view of arts, selecting the attribute set
{ay,as, a4} is better than the attribute set {a;, ag,ay}. And
from the point of view of science, selecting the attribute set
{aq, ag, aq} is better than the attribute set {ay, as, ag }. So we
can get the following three granulations.

system
achieve-

P] = {a[’a23a3}3
P2 = {a47a5’a6}7

Py = {ay,aq4,0a4}.

If we consider only one of these conditions, we can obtain
that
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Table 1 A target information U a a, a a, as ag a, ag aq d
system
X 1 0 2 1 1 2 3 1 2 0
Xy 2 1 4 2 4 0 1 3 0 1
X3 0 2 4 3 1 2 3 0 2 1
Xy 2 0 3 3 1 2 2 3 0 1
Xs 0 2 4 4 0 0 3 0 2 1
Xg 1 0 2 0 2 3 3 0 2 1
X5 1 1 1 2 4 0 4 4 3 1
Xg 0 3 4 1 1 2 4 4 3 0
X 0 3 4 3 3 4 2 3 0 0
Xy 1 1 1 0 2 3 3 0 1 0
Xy 3 2 2 2 4 0 0 2 2 1
Xip 2 1 4 2 3 4 1 3 0 1
X3 3 2 2 2 3 4 0 2 2 1
X1y 0 3 4 4 0 0 3 0 1 0
X5 1 0 2 3 3 4 2 3 0 0
X6 1 1 1 1 1 2 3 4 4 0
Xi7 3 2 2 2 3 4 3 4 4 1
Xig 2 0 3 2 3 4 2 3 0 1
X9 0 3 4 1 1 2 4 4 3 0
Xy 1 0 2 3 3 4 1 3 0 1

U/Py = {{x, %, X15, X0}, { X0, X120}, {33, X5,
{xg, X9, X14, X190}, {4, X18}, {27, %10, X156},
{x1, %03, 0071 1
U/P;y = {{x,x3, X1, X190}, {0, X7, %11 }, {33, 24},
{xs5, X141 {x6 X10 )5 (X120 X3, %17, X181},
{xg, X15, X0} }5
U/P3 = {{x;}, {53, x5, %6}, {x10, X14 )5 {20, X125 %50 ),
{4, X9, X15, %18} {7, x5, X0}, {x1 1, X13 ) {X065 X171 s
U/d ={D,,D,} = {{xy, Xg, X9, X10, X14, X15: X165 X19 }»
{X2, X3, X4, X5, X6, X7, X115 X125 X135 X175 X185 X290 } }-
First, according to existence [x]p ¢ [x]it is easy to check
that Table 1 is a granular inconsistent information system.
Next, on the basis of generalized multi granularity, how
to choose the best particle size of the two algorithms is
explained.
The nonempty subsets of P are denoted by
P={P,P),P3},0, ={P,P,},0, = {P}, P53},
Qs ={P,,P3},0, = {P},0s = {P,}, 06 = {P3}.
We set the information level g = 2/3.
The calculation steps of the algorithm 1 are as follows:
Step 1. From Definition 3.1, we can calculate the gener-

alized lower and upper approximations of the decision class
D, as follows:

@ Springer

P(Dy)yy5 = (%15 X8, X145 X191}
P(D1)2/3 = {x1, Xg, X9, X10, X145 X155 X165 X9} -

The generalized lower and upper approximations of the
decision class D, are

P(Dy)y/3 = {22, X3, X4, X5, X6, X7, %11, X125 X3, X17, X g5
Xy }s
P(D2)2/3 = {2y, X3, X4, X5, X6, X7, Xg5 X105 X115 X12, X13, X5

X16sX17> X185 %20 }-

Step 2. According to the definition of distribution function ,
we can obtain the lower and upper approximation granular
distribution functions as follows.

F(P)yy3 = (P(Dy)y)3, P(Dy)y3)

= ({x1, Xg> X145 X19 }> { X, X3, X4, X5, Xg, X7, X115 X125
X135 X17, X185 X0 })-
f(P)yy3 = (P(Dy)y3, P(Dy)y3)
= ({x1, X3, X9, X105 X145 X155 X165 X190} > {X2, X3, Xy, X5, Xg
X7, X9, X105 X115 X125 X13, X155 X165 X175 X185 X0 })-

Step 3. For Q;, 0,, 03,04, Os, Qg, We can get the general-
ized multigranulation lower and upper approximations of
the decision classes D, and D,:
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For Q, = {P,,P,}, we can get the generalized multi-
granulation lower and upper approximations of the decision
classes D, and D,:

Q1(D1)yy3 = {xg, X190}

QD)3 = {x1, x5, X9, X1, X145 X155 X165 X190 }-

01(D3)y/3 = {x2, X3, Xy, X5, X5 X7, X1 1, X125 X135 X17, X8, X0}

QI(D2)2/3 = {0y, X3, X4, X5, Xg5 X7, X1, X1 15 X125 X135 X 55 X175 X135 X0

For 0, = {P,, P5}, we can calculate the generalized multi-
granulation lower and upper approximations of the decision
classes D, and D,:

%(le/s = {x};

Q2(D1)2/3 = {xy, X3, X9, X10, X145 X5, X16, X19} -

Or(D1)y/3 = X2, X3, X4 X5, X X7, X11, X125 X135 X17, X185 X2 }5

Qz(D2)2/3 = {0y, X3, X4, X5, X5 X7, X1 1, X125 X135 X155 X165 X175 X185 X0 |-

For Q; = {P,, P;}, we can compute the generalized multi-
granulation lower and upper approximations of the decision
classes D, and D,:

%(D1)2/3 ={x}

O3(Dy)yy3 = {x1, X3, Xg, X10, X145 X155 X165 X109} -

O3(D2)ay3 = (X2, X3, Xy, X5, X, X7, X115 X1, X135 X17, X1, X2 )5

Q3(D1)y3 = {Xp, X3, X4, X5, X6, X7, Xg, X1 1, X2, X35 X5, X175 X85 Xo0 )

For Q, = {P,}, we can get the generalized multigranulation
lower and upper approximations of the decision classes D,
and D,:

Q4(D1)yy3 = {Xg: X9, X145 X109}

Q4(D1)2/3 = {xy, X3, X9, X10, X14, X155 X165 X19 )

Q4(Dz)2/3 = {xp, X3, Xy, X5, X6, X7, X115 X12, X13, X175 X 18, Xo0 }5
04(Dy)y/3 = {21, X0, 3, X4, X5, X, X7, X105 X115 X125 X3,

X155 X165 X175 X1g> X0 } -
For Q5 = {P,}, we can receive the generalized multigran-
ulation lower and upper approximations of the decision
classes Dy and D,:

QO5(D1)y3 = X1, X5, X165 X190}
Q_S(D1)2/3 = {1, X5, X9, X10, X145 X155 X165 X19 } -
Os5(D2)y/3 = {X2, X3, X4 X5, X6, X7, X115, X125 X135 X175
Xig: X0}
Q_S(D2)2/3 = {Xp, X3, Xy, X5, Xg, X7, X9, X1 X115 X125 X135 X 45

X155 X175 X185 %20 }-

For Q4 = {P5}, we can obtain the generalized multigranula-
tion lower and upper approximations of the decision classes
D, and D,

Q6(D1)ay3 = (X1, %10 X141

Qs(D1)2/3 = {1, X3, X9, X10 X145 X155 X165 X19 } -

%(DZ)Z/S = {X, X3, Xy, X5, X, X7, X115 X125 X13, X175 X185 Xp0 3

Q6(D2)y3 = (X3, X3, X4, X5, X, X7, Xg, Xgs X 15 X12, X3, X )55 X165

X17, X185 X19, X0 } -
Step 4. For Q,, 0,, O3, Q4, Os, O, the lower approximation
granular distribution functions are computed as follows:

J(@1)23 = (Q1(D1)2y3, Q1(D2)y3)
= ({xg, X190 )5 (X2, X3, X4, X5, X, X7, X115 X2, X1 3
X17, X185 %20 })-
J(@2)23 = (Q2(D1)2y3, Q2(Ds)y3)
= ({x14}, {22, X3, X4, X5, X, X7, X115 X1, X3, X7,
Xig: X0 })-
J(@3)2/3 = (Q3(D1)23, Q3(D2)y )
= ({x1 }, {29, X3, X4, X5, X6, X7, X115 Xy, X135 X7,
Xig:X0})-
J(@4)2y3 = (Qa(D1)2y3, Q4(D2)y3)
= ({xg, X9, X145 X19 }5 {X2, X3, Xy, X5, X6, X7, X115
X12, X135 X17, X185 X0 })-
f(©Q5)a/3 = (Q5(D1)2y3, O5(D2)y3)
= ({xy, Xg, X165 X109} { X0, X3, X4, X5, Xg, X7, X115
X12> X135 X175 X1, X0 })-
f(%)zﬁ = (%(D1)2/3’%(D2)2/3)
= (fx1, %10, X14 ) {20, X3, X4, X5, X6, X7, X115, X135

X135 X17 X185 %20 })-

Step 5. For Q,, Q,, 03, Oy, Os, O, the upper approximation
granular distribution functions are computed as follows:

£©@1y3 = (Q1(D))3,01(D3),3)

= ({x1, %5, X9, X10, X145 X155 X165 X190} {0, X3, X4,
X35 X5 X7, X105 X11> X12, X13, X155 X175 X185 X20 })-

f(Q2)2/3 = (QZ(D1)2/37 Qz(D2)2/3)
= ({x1, X3, X9, X105 X145 X155 X165 X19 }» {X0, X3, Xy,

Xss X5 X7, X115 X125 X135 X155 X165 X175 X185 X0 })-
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f(Q3)2/3 = (Q3(D1)2/3, Q3(D2)2/3)
= ({x1, x5, X9, X10, X145 X155 X165 X190} {X0, X3, X4,
X5, X5 X7, Xg5 X1 1, X125 X135 X15, X175 X85 Xo0 })-
J(@pry3 = (Q4(D1)yy3, Q4(Dy)y3)
= ({x1, %3, X9, X10, X145 X155 X165 X190} {1, X3, X3,
X45 X55 X6> X75 X105 X115 X125 X135 X155 X160 X175 X185
X0})-
J(Qs)y/3 = (Q5(D1)y3, O5(Dy)y3)
= ({x1, X5, X9, X10, X145 X155 X165 X190} {0, X3, X4,
X55 X6> X75 X95 X105 X115 X125 X135 X145 X155 X175

X185 %20 })-

JF(Q6)23 = (Q6(D1)2/3, Qs(Dy)1/3)
= ({x1, Xg, Xg, X105 X145 X155 X165 X190} {20, X3, X,
x50 X6> X75 X8, Xg> X115 X125 X135 X155 X16, X17> X185

X19:X20})-

Step 6. According to Definition 4.1, P = {P,,P,,P;} is
the lower distribution optimal granularity selection of the
system. And P = {P,, P,, P;} is also the upper distribution
optimal granularity selection of 1.

The calculation steps of the algorithm 2 are as follows:

Step 1. Same as the step 1 in algorithm 1

Step 2. According to the definition of quality function,
the lower and upper approximation granular quality func-
tions can be also computed as

2 2 5
of = Zk=1 |£(Dk)2/3| _ 16 P _ Zk=1 |P(Dk)2/3| _ 24
2/3~ U] T 20 23T |U| S 20

Step 3. Same as the step 3 in algorithm 1

Step 4. For Q,, Q,, 0x, Q4. Os, O, The lower approxima-
tion granular quality functions can be also computed as:

o _14 o 13 o _ 13
%237 20°%23 T 20723 T 20’
o 16 o 16 o, 15

%237 50°%3 7 20°%3 T 3

Table 2 Results of optimal granularity selection

Type Optimal granularity selec- Number
tion

Lower distribution P 1

Upper distribution P 1

Lower quality Q,orQs 2

Upper quality Q4 or Qs 2

@ Springer

Step 5. For Q,, Q,, 05, Q4, Os, O, the upper approximation
granular quality functions can be also computed as:

20 22 50, 22 0, _ 22
2/3 207723 207723 20°
20 =24 50 _ 24 10 _ 25
2/3 20’ 2/3 20’ 2/3 20'

Step 6. According to Definition 4.2, Q, = {P,} or
Qs = {P,} are the lower quality optimal granularity selec-
tion of I. And Q, = {P,} or Q5 = {P,} are also the upper
quality optimal granularity selection of /

Finally, we get results as shown in the following Table 2.

7 Conclusions

The multigranulation rough set proposed by Qian et al. is
an important development of Pawlak’s rough set theory.
By considering the strict optimistic and pessimistic condi-
tions in classic multigranulation rough set model, the sup-
port characteristic function has been presented in our work.
We also introduced the information level f to propose novel
multigranulation rough set, called generalized multigranu-
lation rough set model. The main contributions of this
paper are as follows. First, the generalized multi granularity
rough set model is discussed, and the corresponding meas-
ures and performance are discussed. Second, to deal with
the appropriate size of the selection, we also study the four
best particle size selection method, and design a selection
algorithm. Finally, we have constructed a real life exam-
ple to explain and illustrate the best particle size selec-
tion method. In the future, we will study other new parti-
cle size selection methods and the corresponding attribute
reduction.
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